A GENERAL FUNCTIONAL EQUATION()

BY
J. H. B. KEMPERMAN

1. Introduction. In the following, E. denotes the m-dimensional Euclid-
dean space of points x=(xy, + + -, x,,) With the usual norm lx] . For BiCE,,
B;CE,, and X real, B;+ B; or AB; denotes the set of all the points b;+b; or
b, respectively, (b1 E By, boE B;). Further, the “measure” of a subset of E,,
is always meant to be its m-dimensional Lebesgue measure. Unless otherwise
stated, all functions considered are complex-valued. A function on E,, is
said to be additive when it satisfies the functional equation f(x+y) =f(x)
+f(y). A real-valued additive function on E,, is linear, as soon as it is bounded
above on a set of positive measure, Ostrowski [15], or on a set B, such that
some n-fold sum B+ - - - +B contains an interior point, cf. §3. Thus, the
following generalization, (cf. §2), of a theorem due to Steinhaus [20] yields
a new proof of Ostrowski’s result. Let B; and B, be two subsets of En, each of
positive measure; then it is possible to delete sets of measure 0 from B, and
B,, in such a way that B;+ B, becomes an open set.

Let Q be the class of all functions f(x) on E,, equal to a polynomial, (in
the components of x). Let b, b1, - - -, bx be k41 different real numbers and
let fo(x), - - -, fi(x) be a set of k41 functions on E,. The central part of
this paper consists of results of the following type. (i) If fo is bounded on a
(measurable) set of positive measure and, moreover,

kb
(1) D fix+ biy) €EQ for each y € C,
=0
where C is a subset of E,, of positive measure, then fo€Q. (ii) Let 6, 6; be a
fixed pair of rationally independent real numbers, and let p, ¢ denote arbitrary
non-negative integers. If m=1, f, is measurable and C= {c| ¢ =pb1+¢0s;
p+g=<k} then (1) implies the existence of a g€, such that f(x) =g(x) for
almost all «.

The above result (i) may be generalized by introducing the notion of a
“local condition.” Whether or not a function f(x) satisfies a given local con-
dition P at a point x,, depends only on the behavior of f(x) in an arbitrarily
small neighborhood of xo. We only consider local conditions P, such that:
(a) If f(x) satisfies P at x, then f(x+h) satisfies P at xo—h, for each A€ En;
(b) If fy and f, satisfy P at x, then also fi —f. For A as an open subset of E,
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Qp(A) will denote the class of all the functions on 4, which satisfy P at each
point in 4. Thus, fEQp(A4) implies (*) Apf=f(x+h) —f(x) EQp(A4), for each
hEE,; here, Ay=AN(A4 —k) is the domain of A,f. A local condition P is said
to have the weak difference property if, vice versa, for f as a function on the
open set A, (*) implies fEQp(A4), whenever f is bounded on some subset of A
of positive measure. Now, from Theorem 6.1, we have the following gen-
eralization of (i). Let A and C be subsets of E,, where 4 is open and con-
nected and C is of positive measure. Let P be a given local condition with the
weak difference property. Finally, let 5o=0, by, - - -, bx be k41 different real
numbers, and let f;(x) (¢=0,---, k) be a function defined on 4 +4b;C.
Assertion: if (1) holds for @=Qp(4) then foEQp(4), whenever f, is bounded
on some subset of 4 of positive measure.

The results of de Bruijn [2; 3] imply the weak difference property of the
local conditions in E,, that f(x) be Riemann integrable, (or continuous, or
absolutely continuous, or of bounded variation, or differentiable, respec-
tively), throughout an interval about x,. In §5, we establish the weak differ-
ence property for certain local conditions in E,, for instance, the local condi-

tions that f(x) =f(x1, - - -, xm) be continuous, (or analytic, or equal to a poly-
nomial, or bounded, respectively), throughout an entire neighborhood of the
point x,.

In §7, we concern ourselves with results of the type of the above assertion
(ii), some of which are generalizations of results due to Boas [1]. Finally, in
§8, we give a new proof of the following theorem due to Skitovic [19]. Let a;
and b;, (j=1, - - -, n), be real constants and let X, - - -, X, be independent
random variables, such that D>_a;X; and Y b;X; are independent. Then each
X;, for which a;b;0, is normally distributed. We note that each of the
§§2, 3, 7 and 8 is a self-contained unit with an interest of its own.

Before proceeding, we want to give some counterexamples, showing that
the assumptions on f,, in the above assertions (i) and (ii), cannot be weakened
very much without strengthening the assumptions on C, and vice versa(?).
The following construction is similar to one given by Erdss and Golomb [6,
16].

Let UCE,, be a Hamel basis of the linear space E,, over the enumerable
field R, obtained by adjoining b, - - -, bx to the field of rational numbers,
i.e. each xEE,, has a unique representation as a finite sum x= Y Ha(%)%,
with H,(x) ER and u,E U. Let 4o E U be fixed; then H(x) = Ho(x) is additive
on E,, such that H(b;x) =b;H(x), 1=0, - - -, k. Further, the additive group
G= {x| H(x) =O} is not of positive measure; for, otherwise, G=G+G would
contain an interior point, thus, G=E,, contradicting #,&G. But E,, is the
union of the denumerably many cosets {x]H(x) =r} of G, (rER), hence,

(2) These counterexamples also show, that the same is true for the above stated consequence
of Theorem 6.1, provided that each function in Qp(4) is measurable on 4.
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G is a nonmeasurable set of the power c¢. Therefore, H is nonmeasurable, thus,
unbounded on each set of positive measure.

Suppose that k4123, and let 7, - - -, 7 be real constants with > y;
= Y bsyi=0and y,70. Then the set of functions f;(x) =y:H(x), =0, - - -, k),
satisfies

@ > filz + biy) = 0,

identically in x and y. But, H being nonmeasurable, fo=v,H&EQ, thus, in
assertion (i), the condition on f, cannot be omitted, even if C=E,. Further,
the set of bounded functions f;(x) =+, arc tan H(x), (:=0, - - -, k), satisfies
(2) for xEE,,, yEG, though fo,&Q. From the properties of G, it follows that,
in assertion (ii), “measurable” cannot be replaced by “bounded,” while, in
assertion (i), the condition “of positive measure” on C cannot be replaced by
(say) “of positive outer measure.”

2. Sums of sets of positive measure. Let B be a measurable subset of the
Euclidean space E,. The set B is said to be of unit density at the point
x9EE,, when

lim u(B N S)u(S)—1 = 1.
r—o

Here, S, denotes the sphere Ix-—xol <r, while u(U) denotes the m-dimen-
sional Lebesgue measure of U. By B* we shall denote the set of all the points
%0 in B at which B is of unit density. Then B is of unit density at almost all
points of B, (cf. Sierpinsky [17]) thus, u(B*) =u(B).

THEOREM 2.1. Fori=1, - - - , k, let B; be a subset of E,, of positive measure
and let a; be any fixed point in Bi. Then there exist positive numbers & and 1,
such that

p((Br=—x) M-+ N (Bxr — xx)) >n>0,

whenever |x,~—a.~| <8,1=1, -, k.

Proof. Replacing B; by B;—a;, we may assume that a;=0, thus, B; is of
unit density at 0, (=1, - - -, k). Let € be a fixed real number, 0<e<1/k,
and let S be a fixed sphere |x| <p such that
(1) r(Ci) 2 (1 — eu(S) (i=1,---,k),
where
(2) C.~=B.~f\S (i=1,"',k).
From C;CB;,

mo=p((Br—2) N\ -+ - N (Be — %)) Z u(SN(Cr—2) N - - N (Co — x1)),
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hence, (letting D denote the complement of D).
k

(3) mo 2 u(S) — ; w(S N (Ci = ).
Further, from
w(S\U (Ci — %)) = u(S) + s N (Ci — )
= p(Ci — x) + (SN (Ci — ),
together with (1) and C;CS, we have
RSN (Ci— =) = w(S) — w(C) + SN (C; — )
< (S + uEN (S — %) = en(S) +0(| ] ).

In fact, one easily proves that, in E,,

kSN (S = 2) < mpu(S) | =|.
From (3), it follows that

meZ (1 — kuS) —O0(| m|) — -+ —0|(=]),
showing that to each positive number 7 < (1 —ke)u(S) there corresponds a
positive number 8 such that m,>7n whenever |x;| <8, i=1, .- -, k.

The following result is due to Steinhaus [20, p. 99].

Let By and B, be two linear sets, each of positive measure. Then B, — Bs con-
tains an interval of positive length. Moreover, if By=DB, then 0 is an interior
point of B1— B,.

Theorem 2.1 yields the following generalization.

THEOREM 2.2. Let By and B, be subsets of E,, each of positive measure. Then,
after deleting suitable subsets of measure 0 from B, and B, the set B, — B, be-
comes an open set. In fact, Bf — B} (and, also, Bf +BY) is open.

More precisely, to each point d in B — By there correspond positive numbers
8 and 7, such that

|y —d| <& implies w(By N (Bs + 3)) > n.

Proof. Note that Bf CB; and u(Bf) =u(B;), (=1, 2). Let d =a,—a, with
a;EB}, (i=1, 2). From Theorem 2.1, there exist positive numbers 8§ and 1,
such that

w(BiN (By + 9)) = u((Br — a2) N (B — a1+ 9)) > n,

whenever | (a1—y) —a.| =|y—d| <8.
The following lemma will be needed in the proofs of Theorem 4.1 and
Theorem 7.1.

LEMMA 2.1. Let B be a subset of E, of positive measure. Let {£,} be a se-
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quence of points in E,, converging to 0. Let B’ be the set of all those points x in
B for which x+£,E B, infinitely often. Then B’ is of positive measure.

Proof. We may assume that B is a bounded set. We have 0&B*—B*,
hence, from Theorem 2.2, there exist positive numbers § and 7, such that
u(BN(B—§£))>n whenever |£| <8. Let C.=BN(B—£,); then u(C.)>n
whenever n> N,. Further,

0 L 0

B=N UC.,= N Dy (say).
N=1 n=N N=1
Here, u(Dy) Zu(Cy) >0, for N> N,, while each set of the decreasing sequence
{DN} is a subset of the bounded set B. It follows that u(B’) 29 >0.
Finally, we mention the following generalization of a result due to
Ruziewicz [16].
Let B be a subset of E,, of positive measure. Then to each positive integer k
there corresponds a positive number 8y, such that, for each u in E,, with |u| <,

the set B contains an arithmetical progression by, be, « « + , by with b;—b;1=u,
(=2, - - -, k).

Proof. We may assume that 0 is a point of unit density of B. From Theo-
rem 2.1, applied for a;=0, B;=B, (i=1, - - - , k), there exists a positive num-
ber 8, such that u((B—x1)MN -+ N(B—xx))>0, whenever Ix.l <9,
(i=1, - - -, k). Letting x;=(@—1)u, (i=1, -+, k) with (k—1)|u| <8, it
follows that the set of points b; with b+ (¢ —1)uEB,i=1, - - -, k, is of posi-

tive measure, hence, nonempty.

Added in proof. Let X be a locally compact additive group, let u denote a
regular right Haar measure on X, and let By, - - -, Bi be Borel sets in X.
It can be shown that there exists a sequence {U.} of neighborhoods of 0
with the following property. Let {S.} be a sequence of Borel sets with
u(S,)>0, S,<U,; then there exists a Borel set D with w(D) =0, such that,
for each xED,

lim p((Bs — %) M Sa)u(Sn)!

n—

1 1fx€Bn

=0 if x € B,

i=1, - - -, k. Letting B¥=B,N\D, the results and proofs of this section carry
over to X. Somewhat simpler proofs are obtained by observing that the func-
tion u((Bi—x1)N - - - N(By—=xx)) is jointly continuous in the x;, cf. P. R.
Halmos, Measure theory, New York, 1950, p. 266.

3. Additive functions.

DEFINITION. A subset B of E,, is said to be of positive type when a positive
integer # can be found, such that the n-fold sum B =B+ - - - +B contains
a nonempty open subset. If z is the smallest such integer, we put »(B) = 1/n;
when B is not of positive type we put »(B) =0.
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THEOREM 3.1. Let H(x) be a real-valued additive function on E,, and suppose
that H(x) is bounded above on a set B of positive type. Then H(x) is of the form
H(x) =ax, where a is a constant vector in E,,.

Proof. Let H(x) £ M for x& B, where M is a constant. Let v(B) =1/n and
let x€EB™; then x can be written as x=x,+ - - - +x, with x;EB, thus,
Hx)=H@x)+ - -+ +H(x,) SnM. Let S be some open sphere |x—xo| <g,
completely contained in B™, Then [x[ <e implies xo+xEB™ and x,—x
& B™, hence,

H(x) = H(xo + x) — H(xo) < nM — H(xy)

and —H(x) =H(—x)<nM — H(x,). Consequently, l H(x) | =K=nM—H(x,)
when |xl <e. The rest is classical. For [x] <e/q, where ¢ is a positive integer,
we have

|H(y + 2) — H(»)| = |H(») | = 1/q|H(gx)| = K/q,

thus, H is continuous everywhere. Finally, H(Ax) =ANH(x) for N rational,
hence, for \ real.

REMARK. A slight modification of the above proof yields the following
more general result. Let X be a topological linear space over the field of the
reals, and let H(x) be a real additive function on X, which is bounded above
on a set of positive type. Then H(Ax) =NH(x) for X real. Thus, if an additive
function H on X is bounded on a set B, with B — B of positive type, then both
the real and imaginary part of H is bounded on B’=B\U(—B), which is of
positive type, i.e. HAx) =NH(x) for X real. Thisimplies a result of Kestelman
[8] for normed linear spaces.

From Theorem 2.2, if B is a subset of E,, of positive measure then B*+ B*
is open, (thus, »(B) =1/2). Consequently, if a real-valued additive function
H on E,, is bounded above on a set of positive measure, (e.g. when H is
measurable), then H(x) is a linear function. In fact, this result(®) in E,, can
be easily obtained from the special case m =1, which is due to Ostrowski
[15]. However, Theorem 3.1 applies to much thinner sets. For, the following
sets B are all of measure 0 but of positive type.

1. In E,, the closed set B of all real numbers of the form D_; e,p~, where
€,=0, 1 and where p is a fixed integer =3. Clearly, »(B)=1/(p—1). In gen-
eral, let B; be any closed set to which there corresponds a denumerable set C
in E,, such that E,, is the union of all the sets c+B{”, (cEC;n=1,2, - - -).
Then B, is of positive type. For, at least one of the closed sets ¢+ B{? is not
nowhere dense, hence, contains an interior point.

2. In E,, the set B of points (cos 8, sin ), where 8 runs through a set of
real numbers of positive linear measure.

3. In E,, the set B=B,\J - - - \UB,, where B, is a set of positive linear

(®) It can also easily be deduced from Lemma 2.1, cf. the proof of Theorem 4.1.
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type situated on a straight line Lj, (=1, - - -, m), provided that no hyper-
plane is parallel to each L;; cf. Kestelman [8, 146].

4. Difference properties. In this paper, a local condition in E, is defined
by a class P* of functions on E, such that giEP*, g,& P*, together imply
21— g2E P*. Let xo€E,, and let f(x) be a function defined on an open set con-
taining xo. We say that f(x) satisfies at xo the local condition P associated to
P* when a function g€ P* and a positive number e can be found, such that
S(x) =g(x—x,) for Ix—xol <e¢, (thus, a restriction imposed on the behavior
of f(x) in the immediate neighborhood of x,). It follows that any local condi-
tion P has the following properties: (i) If f(x) satisfies P at x, then, for each
hEE.,, the function f(x+ k) satisfies P at xo—#£; (ii) If f; and f, satisfy P at
xo then also fi —f, and fi+fe.

Let P be a local condition and let A be an open subset of E,. Then the
class of all functions f on A4, satisfying P at each point of 4, will be denoted
as Qp(4). Further, for h€E,,, we put

ANA —h) = A

Thus, when f(x) is defined on A then A,f(x) =f(x+k) —f(x) is defined on 4,.

DEFINITION. A local condition P is said to be bounded, (or measurable,
respectively), when a function, which satisfies P at a point x,, is always
bounded, (or measurable, respectively), in some (open) neighborhood of x,.

DEFINITION. A local condition is said to have the difference property when
the following is true for each open subset 4 of E,. Let f be a function on 4
such that A,fEQp(A44) for each hEE,,. Then there exists an additive function
H on E,, such that f—IIEQp(4).

DEFINITION. A local condition P is said to have the weak difference prop-
erty when the following is true for each open subset A of E,. Let f(x) be a
function on 4, which is bounded on a subset B of 4 of positive measure,
and such that A,fEQp(A4,) for each hEE,,. Then f&Qp(4).

DEeFINITION. A class © of functions on E,, is said to have the difference
property when to each function f on E,, such that A,f&Q for each hE€E,,
there corresponds an additive function H on E,, such that f—H&Q.

De Bruijn [2; 3] proved the difference property for a great number of
classes of functions on E;. We mention:

(B1) The class of all polynomials.

(B2) The class of all trigonometric polynomials of period 1.

(B3) The class of all functions, analytic for — 0 <x <+ .

(B4) The class of all functions, which can be extended to a function
f(x-+1y), analytic in the strip ly[ =<1.

(BS) The class of all real functions with |f(x) —f(O)[ <1.

Further, his results easily imply that each of the following “adjectives”
represents a (bounded and measurable) local condition in E; having the
difference property. (Observe that, for P as a local condition in E, with the
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difference property, the class Qp(E,,) always has the difference property.)

(B6) Continuous. (B7) Riemann integrable, (=bounded and continuous
almost everywhere). (B8) Absolutely continuous. (B9) Of bounded variation.
(B10) % times differentiable. (B11) & times differentiable, kth derivative
bounded. (B12) k times differentiable, kth derivative continuous. Here, & is
a fixed integer =1.

A function f(x) satisfies such a local condition at the point x, when it is
defined and continuous (or Riemann integrable, etc.) throughout an open
interval containing xo. We note that the local conditions “measurable” and
“bounded” do not have the difference property, cf. [2, p. 195, p. 217]. How-
ever, the latter condition does have the weak difference property, as is shown
by the following theorem.

THEOREM 4.1. In E,,, let P be the local condition of boundedness, i.e. a func-
tion f satisfies P at a point x, if and only if f is defined and bounded in some
neighborhood of xo. Then P has the weak difference property.

Proof. Let the function f be defined on an open set 4, such that | f(x)| =M
=constant throughout a subset B of 4 of positive measure, while A,f EQp(44)
for hEE,.. Suppose that f(x) does not satisfy P at some point x, in 4. Then
there exists a sequence {E,,} of points in E,, converging to 0, and such that
lf(xo-l-E,.) | — oo for n—o. From Lemma 2.1, there exists a point y,,
yEB'CBCA, such that y,+£,E B for infinitely many », hence, If(yo+2,,’)|
< M for some infinite subsequence {£.} of {£,}. But then, for h=y,—x, we
have ]A;.f(xo+E,.’)|——> « for n— o, contradicting the assumption that Axf(x)
satisfies P at x,.

LEMMA 4.1. Let P be a local condition such that: (i) P has the difference prop-
erty; (i) P is either bounded or measurable; (iii) If a is a constant vector then the
linear function g(x) =ax satisfies P at each point xo. Then P has the weak differ-
ence property.

Proof. Let the function f be defined as in the preceding proof. P having
the difference property, it follows that f=g+4 H with g&Qp(4) and H addi-
tive. It suffices to prove that H is linear; for then, HEQp(A4), hence, fEQp(4).
When P is measurable, g&Qp(4) is measurable on B, thus, bounded on a sub-
set B; of B of positive measure. But then the additive function H is bounded
on B, implving that H is linear, (cf. §3). When P is bounded, g(x) is bounded
on each compact subset of 4. Hence, letting B, be any compact subset of B
of positive measure the same conclusion holds.

REMARK. Condition (iii) is in some sense a necessary condition. For let
P be any local condition with the weak difference property and let g(x) be a
polynomial (in the components x;, - - -, ¥n of x). Then g(x) satisfies P at
each point x,, as is easily shown by induction with respect to the degree of g.
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5. Local conditions having the difference property. In this section, we
shall establish the difference property for certain local conditions P in E,,.
The reader will observe that each of these local conditions P satisfies the as-
sumptions of Lemma 4.1, thus, P has also the weak difference property. The
methods of proof are similar to those of de Bruijn [2]; as to his results, we
shall only use the fact that, in E;, each of the local conditions of continuity
and differentiability has the difference property.

THEOREM 5.1. In E,, the (bounded and measurable) local condition of con-
tinuity has the difference property.

Proof. Let A be an open subset of E, and let f(x)=f(x1, - - -, xm) be
defined on A4, such that Axf(x) is continuous throughout 4,, for each k€ E,,.
Let y be a fixed point in 4. Because Theorem 5.1 holds for m =1, we have for
each integer j (1 =j=<m) that there exists an additive function H;(x;) on E,,
such that, at the point y, the function f(xi, - - -, x,,) — H;(x;) is continuous in
x;. Let H(x) be the additive function on E,, defined by

(1) H(x) = H(x, -+, %w) = Hi(1) + + -+ + Hu(2m).
Then, at y, the function g(x) =f(x) —H(x) is continuous in each x;. From
(2) glx+ h) = g(x) + Mug(x) = g(x) + Anf(x) — H(h),

applied for A=x'—y, it follows that g(x) is continuous in each x; at every
point x’ in A. Now, by a theorem of Hahn [7], there exists a point in 4 at
which g(x) is jointly continuous in xi, - - -, x». Thus, applying (2) again,
g(x) is continuous at each point in 4.

THEOREM 5.2. Let k be a fixed positive integer or k= o, and let D stand for
any differential operator in E,, of the form

] ]
3) D=<—)( ) with0 < p S &,

6x,~, axg,,

(p < »). To each such operator D we associate a local condition Pp with the weak
difference property; (note that the condition Pp may be void). Let g(x) be a func-
tion defined in a neighborhood of the point xo in En. We say that g(x) satisfies at
xo the local condition Q when for each D: (i) Dg exists throughout some neighbor-
hood of xo; (ii) Dg satisfies at xo the local condition Pp. Assertion: the local condi-
tion Q is measurable and has the difference property.

REMARK 1. We shall say that a function g(x) satisfies at x, the local condi-
tion Qy(k) when Dg exists throughout a neighborhood of x,, for each D of the
form (3). Taking each Pp as the empty condition, Theorem 5.2 implies
that Qi(k) has the difference property. Clearly, Qi(k) is the straightforward
generalization to E,, of the local condition (B10) in E;. Theorem 5.2 also im-
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plies the difference property of similar generalizations to E, of (B11), (using
Theorem 4.1), and of (B12), (using Theorem 5.1 and Lemma 4.1).

REMARK 2. Let ¢(x) =¢(x1, - - -, xm) be defined on an open set 4, such
that all its first partial derivatives exist in 4. Then, throughout 4, ¢(x) is
continuous in each x;, implying (cf. Lebesgue [10, 201]) that ¢(x) is of the
(m —1)th Baire class, consequently, ¢(x) is measurable in 4. This implies a.o.
that the above local condition Q is measurable.

Proof of Theorem 5.2. We first show that Qy(k) has the difference property.
Let f(x)=f(x1, + - -, *m) be defined on an open set 4, such that, for each
hEE,, and each D of the form (3), DA,f exists throughout 4;. Let y be a fixed
point in A. Because, in E,, the local condition of differentiability has the
difference property, there exists an additive function H; on E,, such that, at
the point y, f(x1, *  *, *m) —H,(x;) is differentiable with respect to x;. Let
H(x) be the additive function on E,, defined by (1), and let g(x) =f(x) — H(x).
Then g(x) is differentiable with respect to each x;, first at the point y, but
hence, (applying (2) for h=x"—y), at each point x" in 4. This already shows
that Qi1(1) has the difference property. Further, from Remark 2, g(x) is a
measurable function on 4.

Let 1<k, <k= «; it suffices to prove that D’g exists in 4 for each D’ of
order ko+1, given that Dg exists in 4 for each D of order ky. Thus, let D be
a fixed operator of order ko; then Dg exists as a measurable function on 4.
Moreover,

4) AxDg = DAxg = D(Awf — H(h)),

thus, for 4=1, - - -, m, 0A,Dg/dx; exists throughout A;, for each hEE,.
Because Qi(1) has the difference property, we have Dg=g,+ H;, where H, is
additive on E,, and g, has all its first derivatives throughout 4. From Remark
2, g1 is measurable on 4; hence, H; is measurable and, thus, linear. Conse-
quently, for each D of order ko, all the first derivatives of Dg exist in 4, i.e.
D’g exist in A4, for each D’ of order ko+1.

Now, let f be defined on 4, such that, for each k€ E,,, A,f satisfies Q and,
thus, Qi(k) throughout 4,. From the above result, f =g+ H, where H is addi-
tive, while g is a measurable function on 4 satisfying Q.(k) at each pointin 4.
Let D be fixed. Then Dg is measurable on 4, hence, bounded on a subset of 4
of positive measure. Further, from (4) and the definition of Q, we have, for
each hEE,, that A,Dg satisfies the local condition Pp at each point in 4,.
Because Pp has the weak difference property, it follows that, for each D, the
function Dg satisfies Pp in A4, i.e., g satisfies Q in 4.

As follows, we introduce a new local condition A in E,, which generalizes
the local conditions (B1), (B3) and (B4) in E;. Let R be the set of all the vec-
torsr=(ry, + + +, 7s) in E, with non-negative integral components r;, We call
s=(s1, * * *, Sm) a predecessor of rER, when for some index j, 1 Sj<m, we
have s;=r; for 2#j and s;=r;—1. Let A* be a finite or denumerable class of
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“sequences” {)\,}, with index set R, and such that 0 S\, < «, A¢>0. We as-
sume that: (i) For each pair of sequences {)\,} and {)\,' } in A*, one can find
a sequence {\/’} in A* and a positive constant ¢ with \,4-\/ Zc\/’, for each
rER; (ii) For each sequence {)\,} in A* one can find a sequence {)\,' } in A*
and a positive constant ¢, such that to each r&ER with |r| =1 there corre-
sponds a predecessor sER of r with N\, Sc\/.

A function g(x), defined in a neighborhood of the point x,&EE,, will be
said to satisfy the local condition A at x,, when there exist a neighborhood N
of x¢, a sequence {)\,} in A* and a positive constant ¢, such that: (i) All
mixed derivatives of g exist and are continuous throughout N, (and, thus, are
independent of the order in which the single differentiations are performed);
(ii) |D,g(x)| =<cM\;, for rER and xE N, where

) &)
Dr-.: —_ R — .
6x1 axm

THEOREM 5.3. The local condition A has the difference property. Obviously,
A is bounded and measurable.

Proof. Let A be an open subset of E,, and let f(x) be defined on 4, such
that, for each AEE,, A,f satisfies A at each point of A4;; without loss of
generality, we may assume that f(x) is real-valued. Especially, for r&ER and
hEE,, D,Axf exists and is continuous throughout A;. In view of Theorem
5.1 and Lemma 4.1, Theorem 5.2, applied for k= «, yields the decomposition
f=g+H, where H is additive on E,, while D,g exists and is continuous
throughout 4, for each rER.

Let xo be a fixed point in A4 ; it suffices to prove that g(x) satisfies A at
x0. Let € and € be positive numbers, such that the sphere |x-—xo| Seateis
entirely contained in 4. Let K be the sphere |x—x,| e and let S be the
sphere | x| Se; then K C A for kES.

For the moment, let & be fixed, AE.S. From the assumptions on Axf(x)
=Ang(x)+H(k), we have for each point EEK C A, that there exist an open
neighborhood N¢C A4, of £, a sequence {)\,(S)} in A* and a positive constant
c(), such that |D,A;.g(x)| Zc({)N\.(§) for rER, xE N¢. From the compactness
of K and property (i) of A*, it follows that to each #&E.S there correspond a
sequence {\,} in A* and a positive integer M, such that

(5) | D,Ang(2) | < M, forr € R, x € K.

For a given sequence {\.} in A* and a given positive integer M, let S; be the
set of all the points #&.S for which (5) holds. Then S is the union of all pos-
sible sets .S;. Moreover, A* being enumerable, there are only denumerably
many such sets .S;. Hence, it is not true that each S; is nowhere dense in S,
i.e. there exists an .S; which is dense in some sphere .§’, contained in S, (say)
the sphere |x—x;| <& with §>0. If {\,} and M, (which are fixed from now
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on), correspond to this S; then (5) holds for a set of values & dense in S’. But
D,g(x) is continuous in A4; thus, for x€K, h&S’, (hence, xEA4, x+hEA),
D,Ang(x) is a continuous function of k. It follows that (5) holds for each
hES'.

Let x, y be any pair of points in K with |x—y| =2é. Applying (5) for
h=h=x1+2"Y(y—x)ES’ and also for h=hy=x,—2"1(y—x)ES’, we have
from x+4hy =y h, that

| Dig(y) — Dig(x)| = | DAng(x) — D,Ang(y)| < 2MM,

for each rER. Let M’ be the smallest integer =¢€/8; K being the sphere
| x —2x0| S, we conclude that

(6) | Dig(y) — Dog(x)| < 2MM'\, ifrER xEK,yEK.

Let rER, |r| =1, and let s be any predecessor of 7, thus, D,g=09D,g/dx; for
some j, 1 Sj<m. Let ¢; be the unit vector parallel to the x;-axis. Applying
(6) for r replaced by s and x =x,—e€6;, ¥y =x¢+€re;, it follows from the mean
value theorem that (for each predecessor s of r) there exists a point vEK,
such that

(7 | Dug(y) | < MM\ /e

Combining (6) and (7), we obtain that, for each &R with lr| =1, and any
predecessor s of 7,

| Deg(2)| < MM'(2\, + N/e) if x EK.

Further, for r =0, the continuous function D,g(x) =g(x) is certainly bounded
on K. We now conclude from the properties of the class A* that there exist
a sequence {\/} in A* and a positive constant ¢ such that | D,g(x)| SN for
rER, x&€ K. This shows that g(x) satisfies at x, the local condition A.

We shall now exhibit some applications of Theorem 5.3. As is easily veri-
fied, each of the following classes A* satisfies the required properties (i) and
(i1). From Theorem 5.3, for each such A*, the corresponding local condition A
has the difference property, i.e. when 4 is an open subset of E,, and the func-
tion f is defined on 4, such that A,fEQ,(44) for hEE,, then f—HEQ,(A4)
for some additive function H on E,.. Consequently, the class Q4 (E,,), of all the
functions on E,, satisfying A everywhere, has the difference property.

1. Let A* consist of the sequences {A\™}={\? 1} (n=0,1,--.),
with A® =1 if i+ -+ - +r,Sn, A =0, otherwise. Then gEQ(4) if and
only if g(x) is equal to a polynomial throughout each (connected) component
of A. Thus, we have a.o. that the class Q4(E,,) of all polynomials on E,, has
the difference property; this generalizes the corresponding result (B1) in E,,
due to de Bruijn [2].

2. Let A* consist of the sequences {)\im}, (N=1,2,--:), with
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xr(N) _ )‘r(?{).“'rm — 1’1! . rm!Nr1+-..+rm.
Then gE€Q,(4) if and only if, throughout each (connected) component of 4,
g(x)=g(x1, - - -, xm) is an analytic function of the real variables x1, « - -, xp.
Thus we have a.o. that the class Q4(Ey), of all the analytic functions on E,,
has the difference property; this generalizes the corresponding result (B3)
due to de Bruijn [2].

3. Let Ry, - - -, R, be fixed positive numbers, and let A* consist of all
the sequences {)\ﬁN’}, (N=1,2,---),of the form

A =l Ry /N (Rt 1/N) ™

Then g&Q(4) if and only if the following is true for each convex subset 4’
of A. In the space of m complex variables z; = x;41y;, (x;, y;real;j=1, - - - ,m),
let A" be the set of points satisfying

(8) |z,~—x,-'[ =< R, j= 1, -, m forsome (xf, -, xm) EA.

Then there exists a single-valued function g(x+iy)=g(z;, + - -, 2m) on 4",
analytic in the complex variables 21, + « + , 2., such that g(x) =g(x) for xE4".
It follows that the class Qx(E,), of all analytic functions on E,, extendable
to an analytic function of 2, + + -, 2, in the region ly,-] =R; (i=1,::+,m),
has the difference property; this generalizes the corresponding result (B4)
in E,, due to de Bruijn [2]. As an easy consequence, the class of “entire”
functions on E,, has the difference property.

4. Let m=1,andlet A* consist of the sequences {N'B,}, (N=1,2,3,---),
where {B,} is a a fixed sequence of positive numbers with B,>¢"B,_,, € being
a positive constant. Then gEQ(4) if and only if | D,g(x)|Yr=0(B}""), uni-
formly in any finite closed subinterval of A. Note that the class Q2,(4) is
quasi-analytic if and only if 4 is an open interval and

> [sup B.—ll'] = ®,
r=(0 =

cf. Carleman [4]. The latter condition holds, for instance, when B,<r! for
infinitely many positive integers r.

6. A functional equation. Let ¢(x, ) be a function on E.X E., admitting
the following representation as a sum of functions of one variable:

k
€] ¢(x, 9) = 2 filaw + bay),
=0
a;, b; being given real constants with
a; # 0, d,’b,‘—d,‘b.‘;éo, ('i,j=0,"‘,k;i?£j).

For k41 =3, this representation is certainly not unique. For, let yo, - + -, v«
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be real constants, not all zero, with Za.—‘y,-= Zb;y,:O, and let H be an addi-
tive function on E,, with H(a;x) =a;H(x), H(bix) =b;H(x), (£=0, - - -, B)(%).
Then D v:H(ax+bsy) =0, hence, if fi(x) (=0, - - -, k) is a solution of (1)
then also fi(x)+v:H(x) (+=0, - - -, k). But H(x) is, in general, unbounded
on each set of positive measure, hence, the same is true for most solutions of
1).

In order to rule out such pathological solutions, we might consider only
those solutions fi(x) (¢=0, - - -, k) of (1), for which each function f;(x) is
bounded on some set of positive measure. Assertion (i) of the following
Theorem 6.1, (applied for 4 = C=E,), easily implies that, for each such solu-
tion of (1), all the functions f;(x) are necessarily continuous, (or analytic, or
polynomial, etc.), whenever, for each yEE,, the function ¢,(x) =¢(x, ¥) is
continuous, (or analytic, or polynomial, respectively). Clearly, this is a gen-
eralization of the following classical result, (cf. §3). Let f(x) be a function on
E,,, such that: (i) f(x) is bounded on a set of positive measure; (ii) f(x) is a
solution of the functional equation

f(y) = flx + 3) — f(=).
Then f(x) is continuous on E,, in fact, f(x) is a (linear) polynomial.

THEOREM 6.1. I'n E,,, let A be an open connected set and let C be a set of posi-
tive measure. Let ¢(x, y) be a given function on AXC and consider the relation

k
(2) ¢(x» y) = Z f'(x + bi}’),

$=0

where k=0 is a given integer and the b; are given real numbers, bi7#bo=0
(4=1, - - -, k). By a solution of (2) we mean a set of functions fi(x)
(2=0,1, - - -, k), fi(x) being defined on A +b;C, such that (2) holds for all pairs
of points x,y withx €A, yEC. Let fi(x) (¢=0, - - - , k) and f*(x) (2=0, - - -, k)
be two solutions of (2), such that each of the two functions fo(x) and fo*(x) is
bounded on some subset of A of positive measure.

Assertion: (1) Let P be a local condition in E,, having the weak difference
property. Suppose that, for each yo&C, the function ¢(x, yo) satisfies P at each
point of A. Then fo(x) satisfies P at each point of A.

(ii) If, in addition to the assumptions of (i), P is either bounded or measura-
ble, then fo(x) —fo*(x) is a polynomial on A of degree <k—1.

(iii) Suppose that, for each yoEC, the function ¢(x, yo) is a polynomial on
A of degree =n, (n fixed). Then fo(x) is a polynomial on A of degree <n+k.

Here, the condition, that C be of positive measure, cannot be weakened
very much, cf. §1. In assertion (iii) we allow the valuen = —1, provided thata

(*) One way of obtaining such a function H is by means of a Hamel basis of En over the
field R, obtained by adjoining the a; and b; to the field of rational numbers, cf. §1.
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polynomial of degree —1 is interpreted as the zero-function. Observe that
(ii) is a consequence of (i) and (iii). For, suppose that the conditions of (ii)
hold. From (i), fo and fo*, thus, f{ =fo—fo* satisfy P throughout 4. Because
P is bounded or measurable, f{ is bounded on a subset of 4 of positive meas-
ure. Further, ff=f;—f! (i=0, - - -, k) is a solution of (2) with ¢(x, y) re-
placed by 0, a polynomial of degree —1. Hence, from (iii), f{ is a poly-
nomial on A4 of degree <k —1.

We shall say that a function f(x) satisfies Q at a point x,, when f(x) is
defined and equal to a polynomial throughout an entire neighborhood of x,.
Clearly, Q is a bounded local condition. From application 1 of Theorem 5.3,
O has the difference property. Hence, from Lemma 4.1, Q has also the weak
difference property. Now, suppose that the conditions of assertion (iii) hold.
Then (i), (applied to Q instead of P), already shows that fj satisfies Q through-
out 4, i.e. fo is a polynomial on 4. Consequently, it suffices to prove (i) and
the part of (iii) which asserts that the polynomial f, is of degree <n+=%.

Proof of Theorem 6.1. From b,=0, everything is obvious when £=0. Let
k be a fixed integer, k=1, and suppose that Theorem 6.1 holds when £ is re-
placed by k—1. Let fi(x) (¢=0, - - -, k) be a solution of (2), such that fy(x)
is bounded on a subset B of A of positive measure. Let x4 be an arbitrary but
fixed point in 4 and let & be any point of unit density of B, £{,€A. Select any
polygonal path (of finite length) L in 4 with endpoints & and x, and let e
denote the distance between L and the complement of 4, 0 <e=< . Finally,
let A’ be the set of all the points in E,, having a distance <e¢/2 from L. Then:
(a) A’ is open and connected, xo&EA’; (b) For each hEE,, with | k| <e/2, we
have A’+hCA, especially, A’CA; (c) The function f4(x) is bounded on the
subset B'=A4'MB of A’, where B’ is of positive measure.

From Theorem 2.2, applied for d=0, (or from the fact that B’ and C
possess points of unit density), there exists a positive number §, § <¢/2, such
that, for each h€E,, with |k| <3, both sets B'(k)=B'M\(B’—%) and C(k)
= CN\(C+h/b;) are of positive measure; (note that b;0). For the moment,
let hEE,, be arbitrary but fixed, |h| =<4. Then, B’(k) and C(k) are of posi-
tive measure and A’+hCA. Further, let

3) hi = (1 = bi/b)h, gix) = fix + k) — fx), (i=0,---,k).

Here, k=0 and, (by bo=0), ho=h, thus, gi(x) =0 and go(x) =Asf(x). More-
over, x B’ (k) implies x€B’ and x+k&EB’, hence, go(x) is bounded on B’(k),
where B’(k) CB'CA’. Observe that, for ¢=0, - - -, k, the function g4(x) is
well-defined on A’+b,C(h). For, from A’CA, A’+hCA and the definition of
C(h), it follows that xEA’+4b,C(k) implies xEA+b;C and, also, x+h,EA’
+b,(CH+h/by) +hi=A"+h+b,CCA+b.C.

Let v’ be any point in C(k). Then ' &C and y' —h/br=y"E&C, while,
from (3),
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(4) by + b = by + ki, G=0--,k).

Under the conditions of assertion (i), (denoted as “case (i)”), both functions
¢(x,y') and ¢(x, v"’) satisfy P throughout 4, hence, (from 4'+hrCA, A'C4),
the function

(S) ¥(z, ) =¢(x+ h y") — ¢(x, ¥)

satisfies P throughout 4’. Similarly, under the conditions of assertion (iii),
(denoted as case (iii)), ¥(x, ¥’) is a polynomial on A’ of degree <. Finally,
from (2), (3), (4), (5) and g(x) =0,
k—1
(6) ¥z, ¥) = Lele+by), (xE4,y ECh).
=0

From b;£by=0, (=0, - - -, k—1), and the fact that go(x) is bounded on
the subset B’(k) of A’ of positive measure, it now follows by induction, (re-
placing 4, C and fi(x), =0, - - - , k, by 4’, C(k) and gi(x),2=0, - - - , k—1,
respectively): (a) In case (i), that go(x) =Afo(x) satisfies P throughout 4';
(b) In case (iii), that A,f(x) is a polynomial on 4’ of degree =n+k—1. In
fact, the latter conclusions hold for any k€ E,, with | k| <8.

Now, suppose first that case (i) holds. Let A€ E,, and x; €A’ be such that
x1+h=yE4’. Because 4’ is an open, connected set, there exists a sequence
of points %3, + + +, %, Xpp1=y in A’, such that, for kj=x;,—x; we have
|h,~| <46,j=1, - - -, p. Thus, the identity

Anfo(x) = Anfo(x) + Anyfola + b)) + -+« + Anfo(x + b+« -+ + hypy)

implies that Axfo(x) satisfies P at xi, (for each hEE,, and each x,&EA4,). Be-
cause P has the weak difference property, and fy(x) is bounded on the subset
B’ of A’ of positive measure, it follows that fy(x) satisfies P throughout 4’,
especially at the point xo& A’. Here, x, was chosen as an arbitrary point in 4,
hence, fo(x) satisfies P throughout 4. This proves assertion (i).

Now, suppose that case (iii) holds. From assertion (i) and the remark
preceding this proof, fo(x) is a polynomial on 4. Furthermore, for each
hE€E,, with |h| =3, Apfo(x) is a polynomial on A4’ of degree =n+k—1. Con-
sequently, fo(x) is a polynomial of degree =n+k.

Let P be a given local condition in E,. Suppose that the conditions of
Theorem 6.1, together with ¢(x, v,)EQp(4) for each y,&C, always imply
foERp(A). Then P has the weak difference property, showing that the con-
dition of assertion (i) is, in some sense, a necessary condition.

For, let A be any open set in E,, and let f be defined on A4, such that:
(i) For each kEE,,, and each x(€ A4 with x,+hEA, the function A,f satisfies
P at xy; (ii) f is bounded on a subset B of A of positive measure. Let x; be a
fixed point of unit density for B, x;E 4, having a distance € from the comple-
ment of A. Let A’ be the open sphere Ix—xll <e/2 and let C be the set of
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positive measure le =<e¢/2. Then, for each yEC, the function
o(x, ¥) = — Ayf(x) = f(x) — f(x + )

satisfies P throughout A’. Moreover, f is bounded on the subset B’=A'NB
of A’ of positive measure. From the above assumption concerning P, we have
fEQp(A'), especially, f satisfies P at the point x,&EA’ CA. Applying f(x+5)
=f(x)+Asf(x) for h=x,—x, it follows that f satisfies P at each pointx,€E4".
This shows that P has the weak difference property.

As an interesting consequence of Theorem 6.1, we have

THEOREM 6.2. Let P be a bounded, or measurable, local condition in E,, hav-
ing the weak difference property. Let by, by, - - -, by be given real numbers with
bi#=bo, (1=1, - - -, k). Let fi(x) (5=0, - - -, k) be functions on the open con-
nected subset A of E.., such that fo(x) is bounded on the subset B of A of positive
measure and that, for each yEC, the function

o(x, y) = Z%fs(x + biy)

satisfies P at each point xo, where it is defined, (i.e. xo+b;yEA for all 7). Here,
C is a subset of E., such that, to each point xo A, there corresponds a point
cE E., at which C is of unit density and with xo+ (b;—bo)cEA fori=1, - - - | k;
(example: C is of unit density at 0). Then the function fo(x) satisfies P through-
out A.

Proof. Let A* be the set of all the points xo& A4, such that, within each
neighborhood of x,, one can find a set of positive measure on which fo(x) is
bounded. Clearly, A* is closed relative to 4. Further, 4* is nonempty,
because xo& A4 * for each point xo&€ A at which B is of unit density.

Let x be a fixed point in 4*. Then there exists a point ¢, in C, at which

C is of unit density, and such that x;=x+ (bi—bo)coEA4, (4=1, - - - , k). Be-
cause 4 is open, there exist positive numbers 8, and 8;, such that |x—xo| <6
and Ic—co| <, together imply x4 (b;—bo)cEA, (4=1, - -, k). Let A be

the open sphere | x—xo| <8, and let C, be the set of all the points ¢ in C with
Ic—col <8,. Then C, is of positive measure. Further, from x,&E4*, the func-
tion fo(x) is bounded on some subset of A, of positive measure. Finally, the
function

k
¥(,9) = ¢(x — boy, 9) = Z:,) fi(x + (b — bo)y)

is defined on 4,XC, and, thus, satisfies property P throughout 4, for each

fixed y& Co. From assertion (i) of Theorem 6.1, fo(x) satisfies P throughout

A,, especially, at xo&A4,. Moreover, P being bounded or measurable, fo(x)

is bounded or measurable on each compact subset of 4,, consequently, each

point of 4, belongs to A*. It follows that the set A* is open, hence, A*=A4,
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because 4 is connected. Hence, fo(x) satisfies P at each point xo of 4 =4 *.

7. Characteristic sets. In this section, for convenience, we restrict our-
selves to the case m =1 and to functions f(x) defined for all xEE;. Let Q be
a class of functions on E;, containing all constant functions, and such that
HEY, fLEQ imply fi—f,&EQ and fi(x+ k) EQ, for each hEE,. Let (~) denote
a fixed equivalence relation defined on €, such that fi~g, fi~g: imply
fi—fe~gi—ge and fi(x+h)~gi(x+h), for each hEE,. Further, we suppose
that, for a constant function f, f~0 implies f=0. As an important example,
we shall write f; =f; if and only if fi(x) and fy(x) differ only on a set of measure
0. .
DEFINITION. A set S of real numbers is said to be characteristic (with re-
spect to ) when the following two implications hold. (i) Let fEQ be such that
Auf~0, for each RES. Then f is equivalent to a constant. (ii) Suppose that
to each AE.S there corresponds a function g,EQ, in such a way that Axgy
=Aygy for B, B’ ES. Then there exists a g&Q and constants as, such that
Asg~gr—ans, for each hES.

Any set S', containing a characteristic set S, is itself a characteristic set.
(i) Let fEQ be such that Ay.f~0 for A’ES’. Then A,f~0 for RE.S, hence,
f is equivalent to a constant. (ii) For A’ €S, let g’ €Q be such that Augy
=Augr when kb, #ES'. By SCY, there exists a gEQ with Ayg—gys~—ay
=constant, when AES. For ¥’ €S’ and each hE S, An(Awg —gn)~ADn (gh—as)
—Augr =0, hence, Ay g —gy is equivalent to a constant —ay.

If Cis a set of real numbers then the additive group of real numbers
generated by C will be denoted as Ct. Here, Ct is dense in E; when, for in-
stance, C contains a pair of rationally independent real numbers.

THEOREM 7.1. Let C be a set of real numbers, such that Ct is a characteristic
set. Let f(x) be any function on E,, such that A fEQ for each hEC.

ASSERTION. (i) There exists a gEQ and an additive function H on E,, such
that &y(f —g — H)~0, for each h& Ct.

(ii) Suppose that, in Q, fi ~f, implies fr=f,, and that to Q there corresponds
at least one characteristic set. Then the class Q has the difference property.

(iii) Suppose that: (a) Each function in Q is measurable; (b) In Q, fi~f,
implies fi=fo. (c) CTis dense in E,. Provided that f(x) is bounded on some set of
positive measure, we have f ~Px—+g-+g*, where B is a constant, gERQ, and g* is
a bounded function with Awg* =0 for h& Ct. Provided that f(x) is measurable,
we have f =~Bx+g, where B is a constant and g & Q.

Proof. It follows from
(1) Bacwf(x) = Buf(2) — Auf(x + b — W),

that A,fEQ, for each hECt. Let ga=Axf, hence, Argr =Apgs, for each &, b';
moreover, ga&Q when hECt. Because Ct is characteristic, there exists a
g&€Q and constants I (k), such that Ayg~g,—H(k) when h&Ct. Let f'=f—g,
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thus, Avf' =Anf —Asg~H(h) for hECt. From (1), applied to f’ instead of f,
H(h) is an additive function on Ct; it is easy to extend H to an additive func-
tion on the entire group E;. Now, for k& Ct, Au(f—g—H) =Axf' — H(k)~0,
proving assertion (i).

Under the assumptions of assertion (ii), E, is characteristic. Hence, apply-
ing assertion (i) to C=Ct=E,, we have that A,fEQ, for each hEE,, implies
the existence of a g&Q and an additive function H, such that Ay(f—g—H) =0,
for each A& E,. Hence, f —g — H =a =constant, thus, f—H=g+aEQ.

Suppose that the assumptions of assertion (iii) hold. Let g, f'=f—g and
H be as in the proof of assertion (i). Here, f is either measurable or f is
bounded on some set of positive measure. Further, g is measurable, hence,
f’ is bounded on some bounded set B’ of positive measure:

(2) | f'(x)] =M for x € B/,

where M is a positive real constant. Moreover, for k&€ Ct, we have Ayf'~H(h),
hence, Axf’ =~ H(h). We want to prove that

(3) h-H(K) = K-H(k),

for k, " €Ct. Because H ‘s additive, (3) certainly holds when & and A’ are
rationally dependent. On the other hand, let 2 and &’ be rationally inde-
pendent elements of Ct, such that AH(h') #h’H(k). Then there exist two se-
quences of integers {}\j} and {uj} (j=1, 2, - --), such that hj=Nh+uh’'
satisfies h;—0 and |H(k;)| =|NH(h)+u;H(W)|—o for j—-+». From
h;€Ct, we have Ay ' ~H(h), i.e.

4) [z + ki) = f'(x) = H(k)),
except for those values x which are in a set D; of measure 0, (j=1,2, - - - ).
Let B be the set of all those points x in B, for which x&D; (j=1,2, - - -).

Clearly, B” is of positive measure. From Lemma 2.1, there exists a point
xEB"” such that x+hk;EB”, infinitely often. Hence, from (2) and (4),
IH(hj)] <2M, infinitely often, contradicting IH(h,-) ] —+ . This proves (3)
for k, ¥ €Ct, thus, H(k) =Bk for hECt, where B is a constant.
Let g*=f—pBx—g=f"—px, thus,
Ang* = Auf' — Bh = Awf' — H(h) = 0,

for each number % in the everywhere dense set C{. Further, g* is bounded on
the (bounded) set B’ of positive measure, while g* is measurable whenever f
is measurable. Assertion (iii) now follows from the following result due to
Boas [1], applied to g* instead of f.

LEMMA 7.1. Let f be a function on Ei, such that Ayf =0, for each number h
in a set dense in E,. If f(x) is bounded on a set of positive measure then f=fi,
where f11s some bounded function. Further, if f(x) is measurable then f =~ o, where
a is a constant.
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This lemma is optimal in some sense. For, under the assumption of the
continuum hypothesis, Sierpinsky [18] constructed a bounded nonmeasurable
function (with values 0 and 1), such that A,f=~0 for each number 4. This re-
mark is due to P. Erdos, cf. [2, p. 195].

In applying Theorem 7.1, our main concern is to find sets S which are
characteristic with respect to . Because each superset of a characteristic
set is characteristic, it is important to find (so-called minimal) characteristic
sets, for which no proper subset is characteristic. For instance, a character-
istic set consisting of a single element % is certainly minimal; in this case, the
number £ will be said to be characteristic. Any set, containing a characteristic
number, is necessarily a characteristic set.

In the remaining part of this section, we shall apply Theorem 7.1 to the
following classes Q; (j=1, - - -, 4) of continuous functions, in each of which
equivalence is defined as a strict equality, (and also to certain related classes
2*). The proof, that the following stated numbers are indeed characteristic,
will be given at the end of this section. Then, from assertion (ii) of Theorem
7.1, we have that each class Q; (=1, - - -, 4) has the difference property. For
i=1, the latter result is due to de Bruijn [2].

(I) Let @ be the class of all polynomials on E,. It is easily shown that
each number £ 5£0 is characteristic. Hence, a set S is characteristic if and only
if it contains a nonzero element.

(IT) Iet 2 be the class of all functions f on E;, such that: (i) All deriva-
tives f® of f exist; (ii) For x—+ «,

f(")(x) = O(x_a")v (ﬂ = 0' 1’ Tt ))

where { a,,} is a nondecreasing sequence of real numbers, depending on f,
and converging to + «. Again, each number %70 is a characteristic number.

(III) Let p and o be fixed positive numbers. Let Q3 be the class of all the
analytic functions f(x) on E,;, which can be extended to an entire function

f(@) =f(x+1iy) with
f(x + iy) = O(exp (0| 2| + o 5])).

We assert that a number % is characteristic if and only if 0 <o || <2m.

(IV) Let 6 be a fixed real number, §=0. Let @ be the class of all the
analytic functions f(x) on E,, periodic of period 1, which can be extended to
an analytic function f(z) =f(x+1y) in the strip |y! =é.

Let T' denote the set of all the real numbers %, to which there corresponds
a positive number €, such that the inequality Inh—ml <e~* holds for in-
finitely many pairs of integers m, n with n21. Then *ET implies 1447, ET
for each pair of rational numbers 7y, 7,; especially, T contains all rational num-
bers. Further, T is of measure 0, in fact, even of Hausdorff dimension 0. Let
I' be the complement of T (with respect to E;). Then I' contains all irrational
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algebraic numbers and, further, such numbers as 7 and e. All these results are
well-known, cf. Koksma [9].

We assert that a number % is characteristic with respect to @ if and only
if hET. Hence, a set S with SNI'5£0 is always a characteristic set.

LEMMA 7.2. Suppose that Q is a class of continuous functions, on which
equivalence is defined as a strict equality. Let Q* be the class of all functions f* on
E, to which there corresponds an fEQ with f* =f. Finally, in Q*, fi~f: if and
only if fy=f,. Assertion: a set of real numbers is characteristic with respect to Q*
if and only if it is characteristic with respect to 2.

Proof. If /1EQ, foE€Q, fi=f,, then fi=f, from the continuity of the func-
tion fi—f,. This remark enables us to prove Lemma 7.2 in a straightforward
manner; we omit the details.

Let Q*(j=1, - - -, 4) be the class associated to Q; in the sense of Lemma
7.2. It follows from Lemma 7.2 that the above assertions, concerning the
characteristic numbers of ;, apply equally well to the characteristic numbers
of @* (j=1, - - -, 4). Especially, when C is a pair of rationally independent
real numbers then Ct is characteristic for Q,*, provided that, for j =4, the set
CtNT is nonempty.

THEOREM 7.2. Let j be fixed, (j=1, - - -, 4), and let Q*=Q*. Let fi(x),
(=0, - - -, k), be a set of k+1 functions on E,, (k=0), such that fo(x) is meas-
urable, and that the function

k
$u(2) = 25 filx + Ny + Niy)
1=0
belongs to Q*, for each pair of non-negative integers y, y' with y+y' <k. Here,
N, N (=0, - - -, k) are real constants, such that, fori=1, - - - | k, the numbers
Ni—Noand N —N\J are rationally independent, while, for j =4, either Ni—X\o or
N —NJ belongs to T'.

Assertion: there exists a polynomial P, such that fo— P& Q*. If j #4 we may
take P =0, hence, fo&Q*.

Proof. The assertion is obvious when £=0. Let k be a fixed integer, k21,
and suppose that the theorem holds when £ is replaced by £ —1. Let

E=Xe—X and KA =N —2\{.

Then k, k' are rationally independent, while, for j=4, either & or &’ is in T'.
Further, let

gi(x) = filx + X)) — filx + M), (i=0,--,k);

then go(x) is measurable and gi(x) =0. We have, for each pair of non-negative
integers y, ¥’ with y4+3y’ <k —1, that the function
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k—1

(5) Zo (2 + Ny + Ny) = by (5 + M) — Guar(9)
belongs to Q*. Let us first assume that j 4. Then, by induction, go(x)
= fo(x+No) EQ*, hence, Ayfo€Q*. In a similar way, Ay fo&Q*. Let C be
the set, consisting of the two rationally independent numbers %, A’. Then
Ct is dense in E; and, moreover, characteristic with respect to Q*=0Q*,
(j#4). Because f, is measurable, it follows from assertion (iii) of Theorem
7.1 that fo=Bx+4g, where 8 is a constant and g€Q*. But Q* contains each
polynomial, hence, f, EQ*.

Now, let j=4. From (5), by induction, there exists a polynomial P;, such
that go— P1EQ;. By go(x) =Anfo(x+No), we have Axfo—P =gEQF, for some
polynomial P. Similarly, Asfo—P' =g’ EQ}, for some polynomial P’. Thus,

ApAyfo = Aw(g + P) = Aw(g’' + P'),
or,
Ang' — Apg = Ap P — AyP' = u (say).

From g€Qf, g’ €9Qf, it follows that u is a polynomial of period 1, such that
Jou(x)dx=0. Consequently, u(x) =0. Let Q be any polynomial, such that
AhQ =P. Then Ah(A}.'Q —P') =ApP—ALP' =u =0, thus, Ath —P'=a=con-
stant. Let f=fo—Q; then Ahf=Ahfo—'P =g€9r and A].ff=A;.' o—P,—d
=g'—a€Q;. Thus, f is a measurable function with AfEQF and A fEQL.

Let C be the set, consisting of the two rationally independent numbers
k and k', where hET or #'ET. Hence, Ct is dense in E; and characteristic
with respect to Qf. From assertion (iii) of Theorem 7.1, we have f=8x-+g*,
where B is a constant and g*€Qf. Finally, fo—(Q+48x)=f—Bx=g*€Qf,
where Q+Bx is a polynomial.

COROLLARY 7.2, Let j be fixed, (j=1, - - -, 4), and let Q*=Q*. Let fi(x)
(=0, - - -, k), be functions on Ei, such that fo(x) is measurable, fo(x+1)
—fo(x) =0, while

k
(6) (%) = 20 fi(x + \iy) € 2%,

for y=0,1, ..., k. Here, \; =0, - - -, k) are real constants such that, for
j#=4, \i—N\o is srrational and, for j=4,N\;—NET, (i=1, - - - , k). Then f,&EQ*.

Proof. Let y’ be an arbitrary integer. Then fo(x+7y’) =fo(x), hence, for
y=0,-- -,k

k
du(x+ ) = X fllz + Ny + Ny) € O,

=0

where A\J =0, N/ =1, (4=1, - - -, k). From Theorem 7.2, f,€Q* when j##4.
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Further, for j=4, f,—P=gEQ*=Qf, where P is some polynomial. But
P =f,—g is equivalent to a function of period 1, hence, P is constant, thus,

fo=g+PEQ].
REMARK 1. Given k+1 =2 real numbers \; (4=0, - - -, k), one can always
find a system of 41 bounded, nonmeasurable functions fo(x), - - -, fe(x),

each of period 1, and such that

k

2 filx +N\y) =0,

i=0
for cach y in some nondenumerable additive group Ct. This follows from the
construction in §1, replacing R by the field, obtained by adjoining the \; to
the field of rational numbers and taking 1 E U, u,51. Thus, in view of 0&Q*
and fo&Q;*, the condition of the above corollary, that f, be measurable, can-
not be weakened very much, unless we require that (6) holds for each number
y in (say) a set of positive measure, cf. Theorem 6.1.

REMARK 2. Let Q*=Q/* (1 <j=<4), and let f(x) be a measurable function

on E;, such that A;f=0 and

flu4 ) + f(u — x) € Q¥

for two values #; and u; of # with an irrational difference u;—u, when j4,
and u;—u, €T when j=4; then f€Q* This result is an immediate conse-
quence of the above corollary, applied for k=1, fo(x) =f(u1+x), fi(x) =f(u —x),

0= —A1=us—u;. Moreover, if j=1 or j=2, we have that fEQ* and A,f=0
together imply f~a =constant. The above for j=1 and j=4 yields a general-
ization of some results due to Boas [1, Theorems 1, 4].

It remains to verify the assertions (I)—(IV) concerning the characteristic
numbers of Q;, (=1, - - -, 4). Note that, for each of these classes, equivalence
is defined as a strict equality.

(I) Let & be any real number 0. If fEQ, and Asf =0 then the polynomial
f is constant. Further, for each gi&Q;, there exists a polynomial g with
Awg =g1. Hence, & is characteristic with respect to .

(II) Let & be any real number 0. Let fE, be such that A,f=0. For »
sufficiently large, we have for x—+4 « that f®(x) =0(x*") with a,>0.
Hence, from A,f™ =0, f® =0, showing that f is a periodic polynomial and,
thus, a constant. Further, let g;&Q,; then the so-called principal solution g
of the difference equation Ayg =g exists and is in @, cf. Nérlund [14, p. 56],
showing that % is characteristic with respect to Q.. In fact, let g™ (x) =0 (xBr)
when x— -4 e, (#=0, 1, - - - ). Then this principal solution satisfies

¢ ) =an— X a1 (2 + jh),
=0

(a. =constant), for each non-negative integer m with 8,>1, thus, g™+ (x)
=O(x—ﬂm+l).



1957] A GENERAL FUNCTIONAL EQUATION 51

(II1) Let & be any real number with 0 <a[ h| <2w. Let f&Q; be such that
Af=0. Then

glexp (2miz/h)) = f(2)
defines a function g({) which is single valued and analytic for { #0. Moreover,

, o| k|
g®) =o([elr+ [¢[) with p=——<1.

Consequently, g and, hence, f is a constant function. Further, let gi&EQ;.

Then
1 —1/241400 z+hw T 2
f0 = [ [T i (L) e
2wih —1/2—i0 0 sSin rw

defines a function g EQs, such that A,g =gy, cf. Nérlund [14, p. 78]. This shows
that & is characteristic w.r.t. ;. On the other hand, let crlhl =2mw. Then
f=exp (2mix/h) satisfies fE Qs and Ayf =0, showing that the number 4 is not
characteristic.

(IV) Let k be any number in T, thus, % is irrational. Moreover, to each
positive number e there corresponds a positive constant K(e) with |nh—m|
= K(e)e—*I"!, for each pair of integers m, n with n>£0. Let n be any integer
#0 and let m be the integer closest to nk. Then |sin wnh| 22| nk—m|, hence,

(7 |erinh — 1|=1 = | sin wnh|"Y/2 < (4K(e))"leel",

for each integer #n£0. Now, let f&Q; be such that A,f=0. Because % is irra-
tional and A;f=0, we have Ay f=0 for an everywhere dense set of values
B =N+uh, (\, u=integers). Further, f is continuous on E;, hence, f is a con-
stant function.

Let g, be any function in @4, in other words,

0
gl(x) = Z 6"821"'»1"
—

where {cn} is a sequence of complex numbers, satisfying
Ca = O(e—(216+ﬂ) |"|);

here 7 is a positive constant, depending on g;. From (7), applied for e=17/2,
it follows that

g(2) = X cale2minh — 1)~lgtrina
n#0
defines a function g&€Q,, such that Ayg —g1= —co. This shows that each num-
ber & in T is characteristic w.r.t. Q4.
Vice versa, let the number % be such, that to each g; &€y of the form



52 J. H. B. KEMPERMAN [September

gl(x) - Z e—(2r§+'l)]n|e2rinz’ (77>0)

—o0

there corresponds a g& €, with A,g —g, =constant. Let
0
g(x) = X dae?™ivs with | d,| < Keinl,

where K, is a positive constant. Then, for n 0,
e Crtinl = | dy(e?rinh — 1) | < K,e~2v311.2| sin wnk |,

showing that, for each pair of integers m, n with n 0,

e""l|”l_

1
| nh —m| = — |sinenk| 2
T 2rK,
Here, 7 is an arbitrary positive constant, hence, AET.
8. A theorem of Skitovic. In this section, we shall give a new proof of the
following result due to Skitovic [19].

THEOREM 8.1. Let a,; (v=1, 2; j=1, ..., n) be real constants and let
Xy, - -+, X, be independent random variables, such that I, = Zal,-X ; and
ly= Zang ; are independent. Then each X ;, which occurs in both |, and l,, (i.e.
a1;a25%0), 1s normally distributed.

We shall need the following lemma, (also used by Skitovic).

LEMMA 8.1. Let X be a random variable with characteristic function ¢(t).
Let €>0, and suppose that, for |t| <e, ¢(t) =eP®, where P(t) is a polynomial.
Then X is normally distributed.

This lemma was first stated by Linnik [11, 10]. In fact, it is an easy con-
sequence of the following result due to Marcinkiewicz [13, 87].

Let X be a random variable with cumulative d.f. F(x) and characteristic func-
tion ¢(t). Let 0 <€,0 <R = o, and suppose that the restriction of ¢(t) to the inter-
val —e<t<-e can be extended to an analytic function ¢(2) =¢(t+it') in the
rectangle |t| <e, |'| <R. Then the integral

) 8 = [ “ewar(

converges for all complex z=t-+1t’ with | | <R.
Consequently, (1) defines an analytic extension of the unrestricted func-

tion ¢(¢) to the strip |t’| <R, such that
) lo(t+ it) | < o(it).

Under the conditions of Lemma 8.1, this extension is an entire function of the
form ¢(z) =eP®, where P(2) is a polynomial. But then, as was shown by
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Marcinkiewicz [12, 616], (2) readily implies that P(2) is at most of second
degree, hence, X is normally distributed.
Proof of Theorem 8.1. Permuting the indices, we may assume that

a;,-#O, 025#0, (j=1,”',k),

ay;=0, (j=k+1, - -+, ¢) and a,;=0, (j=¢+1, - - -, n), where 0 Sk Sq¢=n.
Let

k q n
Li=Ya6X,vb=12; Vi= 3 a;X; V2=, a;X;.
jm1 =k+1 o+t
Then X,, « + -, X4, V1, Y, are independent, while /,=L,+ Y,, (v=1, 2). Let
oi(®), ¥»(t), f,(t) denote the characteristic function of X;, L, and Y,, respec-
tively, (j=1, - - -, k; =1, 2). The joint characteristic function of /; and I, is
given by

E(eithhtub)) = H di(a1it1 + asjte) f1(t1) fa(ta),
and also by
E(etth) E(etth) = Yu(th) fr(t)¥a(te) fa(ta),

from the independence of /; and J,. Any characteristic function g(¢) is con-
tinuous at ¢£=0; moreover, g(0) =1. Hence, f,(t,) #0 for [t,| <€, where ¢, is a
sufficiently small positive number, (v=1, 2). It follows that, for |t1| <e,
lt2| <62y

k
Vi(t)Ya(ts) = H di(arits + asita).
j=1

Replacing (if necessary) € and e, by smaller positive numbers, we have, for
|| <e, || <e, that

| arg ¥,(ty) I < /2 | arg ¢i(a1its + aszta) I < w/k;

w=1,2;j=1, .-, k). Now, the transformation {=log z=log |z| +1. arg z,
with — <arg z< +, is single valued and continuous in the sector |arg z| <=
and such that log (212; - - * 2,) =log 21+ -« - - +log 2, whenever larg z,«] <w/p
(j=1, - - -, p). Hence, for |t| <e, | 2] <es,

k
log ¥1(tr) + log ya(t) = D log ¢i(arits + aasta),
=1
where log Y1 (¢) is continuous at ¢=0. Putting
go(d) = —log¥u(1),  gi(H) = log ¢i(arit), G=1,---,4),
we have, for |t1| <e, |t2| < g, that
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) 3 8ilta + bite) = log ¥a(t),

where by=0, b;=az;/a1;7%0, (=1, - - -, k). Moreover, g(f) is bounded in a
neighborhood of £=0. The right hand side of (3) being independent of #, it
follows from assertion (iii) of Theorem 6.1, applied for 4={|t| <e},
C={ |t| <&}, (cf. also the following lemma), that the function go(f)
= —log y,(¢) is equal to a polynomial throughout the interval |¢| <e. Hence,
from Lemma 8.1, the random variable L; is normally distributed. But the
normal law is closed under decomposition, Cramér [5, 52], thus, the normality
of Ly= )_a;;X; implies the normality of @;;X; and, hence, of X;, (j=1, - - -, k).

REMARK. It is easily seen, Skitovic [19, p. 200], that Lemma 8.1 con-
tinues to hold when X and ¢ are replaced by vectors in E,. Further, in E,,
the normal law is closed under decomposition, Cramér [5, 112]. Conse-
quently, the above proof also yields the generalization of Theorem 8.1 to in-
dependent random vectors Xy, - + -, X, in E,. On the other hand, as was
shown by Skitovic [19], it is not difficult to obtain this generalization directly
from Theorem 8.1.

For the benefit of those readers who are mainly interested in the proof of
Theorem 8.1 we shall give a separate proof of the following corollary of Theo-
rem 6.1, which will suffice in proving Theorem 8.1.

LEMMA. Let <3, €>0 be real constants. Suppose that, for t €I = {a <t <B}
and || <e,

k N(t2) ’
(4) Z gi(ti + bits) = (polynomial int;) = Z a,(t2)t1.

J=0 r=0
Here, the b; are real constants, bj£bo=0, (j=1, - - -, k). Further, g;(t) is a
complex-valued function defined for a—lbj|e<t<6+|b,-]e, (G=0,: -, k).

Then, in I, the function go(t) s equal to a polynomial if (and only if) it is bounded
on some nondegenerate subinterval I of I.

Proof. The assertion is obvious for 2=0. Let 221, and suppose that the
lemma holds true when & is replaced by £—1. Let IIII denote the length of
I,0< I I1| <B—a,let §=Min (| Ill , 1/2|bk| €), and let / be any fixed positive
number <3. From 0<h<3=1/2|b:|¢, we have

— | bile/2 < (1 = b;/b)h < B+ |b;]e/2.
Hence, the function
(5) g) = gilt + (1 — b;/b) ) — gi(0), (G=0---,k

is defined for a — ] b,-l e/2<t<B—h+ ] b,~| €/2, especially, go*(£) = go(t+h) —go(t)
is defined throughout I*={a<t<B—h}. Further, from 0<k <8< | I.|, the
function g¢*(¢) is bounded on some nondegenerate subinterval I1* of I*.
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If || <e/2 then |t;—h/bi| <€/248/|bi| Se. Thus, if ¢(4, &) denotes the
left hand side of (4), we have, for ltzl <e/2, HET*, that

V(b ta) = ¢(ti + k, ta — k/bi) — ¢(4y, ta) = (polynomial in ty).
Moreover, from (4) and (5), (especially, gF(t) =0),

k—1
Y, b) = 2 gita + bita).

=0
Hence, by induction, (replacing g;(¢) (j=0,::-, k), I, I and ¢ by g*
(j=0, - - -, B—1), I*, I* and €/2, respectively), it follows that, in I'*
= {a<t<ﬁ—h}, the function g¢*(f) =Asgo(t) is equal to a polynomial. In
fact, this is true for each positive number % <8.

Let &’ be fixed, 0 <A’ <8/2. Then Ap.go(t) (<t <B—h') is equal to a poly-

nomial, hence, there exists a polynomial P(t), such that Asgo(t) =AwP(f),
a<t<fB—Hh. Let

fo(t) = go(t) — P(1), (a<t<B),

thus, Apfo(t) =0, a<t<B—I'. Moreover, for 0 <k <§/2, the function C(k, t)

=Awfo(t) =Ango(t) —AsP(t), (¢ <t<B—k) is equal to a polynomial, such that
AwC(h, 1) = ApDufo(t) = AAnfo(t) = 0,

(a<t<B—h—h with h+h <86 SB—a). It follows that, for 0<h<8/2, the
polynomial C(k, t) =Asfo(¢) is equal to a constant C(k). From

Ah+h'f0(t) = Ahfo(t) + Ah'fo(t + h))
(h20, K20, a<t<B—h—h'), we easily see that Axfo(t) (<t <B—h) is equal
to a constant C(k) for any number & with 0 £k <B—a, in such a way that
(6 C(h+ W) =C(h) + C(H),

for k=0, B’ 20, k+h’' <B—a. Because fo(t) =go(t) — P(¢) is bounded on a non-
degenerate interval I; CI, we have that C(k) =Afo(t) is bounded for 0 <A =1,
when 7 is a sufficiently small positive number. This, together with (6), easily
implies the existence of a constant v, such that C(k) =k for 0 =h <f—a. But
C(K') =Axfo(t) =0, hence, y=0 and

Jo(t + B) — fo(t) = Anfo(t) = C(h) = yh =0,

for 0<h<B—a, a<t<B—h. It follows that fo(¢) is constant in @ <f <, thus,
g2o(t) =P(t) +fo(t) is equal to a polynomial.
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